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Atomistic Modeling of Mechanical Properties of Polymeric

Glasses

Doros N. Theodorou and Ulrich W, Suter*
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ABSTRACT: Methods are developed for the prediction of the elastic constants of an amorphous glassy polymer
by small-strain deformation of microscopically detailed model structures. A thermodynamic analysis shows
that entropic contributions to the elastic response to deformation can be neglected in polymeric glasses. A
statistical mechanical analysis further indicates that vibrational contributions of the hard degrees of freedom
are not significant, so that estimates of the elastic constants can be obtained from changes in the total potential
energy of static microscopic structures subjected to simple deformations. Mathematical procedures are developed
for the atomistic modeling of deformation and applied to glassy atactic polypropylene. Predicted elastic constants
are always within 15% of the experimental values, without the use of adjustable parameters. An estimate
of the thermal expansion coefficient is also obtained. Inter- and intramolecular contributions to the mechanical
properties are examined, and it is found that coexistence in the bulk reduces the effects of individual chain

idiosyncrasy.

Introduction

A method for the detailed, atomistic modeling of well-
relaxed amorphous glassy polymers has recently been in-
troduced.! The polymeric glass was pictured as an en-

* Address correspondence to MIT Chemical Engineering Depart-
ment, Room 66-456, Cambridge, MA 02139.

0024-9297/86/2219-0139%$01.50/0

semble of static microscopic structures in detailed me-
chanical equilibrium (but not in thermodynamic equilib-
rium), each microscopic structure being represented by a
model cube with periodic boundaries, filled with segments
from a single “parent chain”, Our modeling approach was
applied to glassy atactic polypropylene with very satis-
factory results. Model estimates of the cohesive energy
and of Hildebrand’s solubility parameter agreed very well
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with experiment. Single-chain conformation was found
to be essentially unperturbed and long-range order to be
completely absent.

We not turn to an investigation of the response of the
detailed atomistic models to deformation and hence to the
theoretical estimation of macroscopic mechanical prop-
erties of glasses from first principles.

Little has been published on this subject to date. Pre-
vious publications pertain almost exclusively to the crys-
talline state, in which the existence of a well-defined pe-
riodic structure permits considerable simplification. A
statistical mechanical treatment of crystalline poly-
methylene by Pastine? led to a P-V-T equation of state
that compares favorably with experiment, and Tashiro,
Kobayashi, and Tadokoro®* derived elastic constants for
a variety of crystalline polymers. Mechanical properties
of glassy amorphous polymers have not yet been deduced
from their detailed molecular structure, but a number of
correlations exist. The assumption of a Lennard-Jones-like
relationship between total potential energy and the linear
dimensions of a sample led Haward and MacCallum?® to
a successful correlation between adiabatic compressibility
and molar volume. Schuyer (p 267 of ref 6) used group
contribution methods to arrive at an estimate of the com-
pressibility; tensile and shear moduli can be obtained from
the compressibility by using an estimate for the Poisson
ratio.

Yannas™ considered displacements, on the molecular
level, brought about by mechanical deformation of glassy
polymers and found that the primary molecular mecha-
nism is by rotation around skeletal bonds rather than by
distortion of bond angles or bond distances. He introduced
the term “strophon” for a segment three virtual bonds long.
Inter- and intramolecular contributions to deformation
were considered separately.

Recently, an atomistic approach to plastic deformation
in amorphous metals has been introduced by Maeda and
Takeuchi® and by Srolovitz, Vitek, and Egami.l® The work
presented here, although developed completely inde-
pendently and referring to bonded systems, small defor-
mations, and nonzero temperatures, has certain aspects
in common with their approach.

Thermodynamic Considerations

A body can be regarded (Chapter 1 of ref 11) as a col-
lection of particles whose positions are denoted by r, =
(ro.1s To2> To3) = (%o, Yo» 20) in the reference (undeformed)
state and by r = (ry, ry, r3) = (%, ¥, 2) in the deformed state.
The vector s with components s; = r, — ry; is the
“displacement vector”. The material strain tensor ¢ is
defined by

1 % Gri ari 5
2 2 i=1 arOL GrOM - LM -

3 . ,
1( OSL + aS_M) + l(z ﬁ .?—SL) (1)
2 87'0’M arOL 2 i=1 6r0M aro,L
We are only concerned with very small deformations.
Terms of second order in the derivatives of displacement
with respect to position will therefore be neglected in
defining ¢, and material and spatial strain will be consid-
ered identical (Chapter 13 or ref 12).

The material stress tensor is denoted by r. As for the
strain, material and spatial stress are not distinguished.
The element 7p,, is taken equal to the force per unit area
acting on an element of surface perpendicular to axis L and
along the direction M. If dF is the surface force on an
element of surface dS, where the exterior unit normal is
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n, we write in matrix notation
dF = 7Tn dS (2)

The terms ¢ and 7 are symmetric and can also be rep-
resented, in Voigt notation, as vectors of six components
(p 14 of ref 11). The two notations will be used inter-
changeably; which of the two notations is employed will
be evident from the number of subscripts:

€= f € = €, €3 = €33

(3a)
€= 2¢3, €= 231, &= 2¢
1 = T Ty = Tag T3= T33
_ _ _ (3b)
Ty = To3 Ts = T3L Te = T12

The fundamental thermodynamic equation for an elastic
system in terms of the stress and strain tensors, at constant
chemical composition, assumes the form

dU=TdS+ Vy X rpydegyy =T dS + VoXr, dg  (4)
LM 1
(the subscript 0 denotes the undeformed state). For the

Helmholtz energy (A = U - TS) we obtain, in differential
form

dA = -8 dT + VOZTLM déLM =-8dT + VozT[ dé[ (5)
LM I
The (fourth-order) tensor of isothermal elastic coefficients
is defined by
O7Lm 1 8%A

aeNK T,evk) ‘VO deppOeng T.eLM NK)

(6)

Crung =

As a result of the Voigt symmetry relationships (p 32 of
ref 11), eq 6 can be condensed into a symmetric 6 X 6
matrix, C. For an isotropic material, such as an amorphous
glassy polymer, eq 6 then assumes the form

2u+ A A A 0 0 0
A 2u + A A 0 0 0
C-= A A 2u + A 0 0 0 0
0 0 0 u 0 0
0 0 0 0 u 0
0 0 0 0 0 u

where A and u are the Lamé constants. The tensile
(Young’s) modulus, E, the shear modulus, G, the bulk
modulus, B, and the Poisson ratio, v, are related to A and

u by

E 3\ + 2u
_“A+p, B
(8)
Balored, Lo A
KT 3“ g 2\ + p)

The strain dependence of the entropy, at constant tem-
perature, is given (p 34 of ref 11) by the Grineisen tensor

Y

1 Oy
=- 9
PoCe GT R

where c, is the heat capacity per unit mass of material at
constant strain. (The tensor ¥ could again be represented
in condensed notation.) For an isotropic solid
1 %
Yim = YoM = - (10)
w g PoCe KT
where o, is the volumetric thermal expansion coefficient
and vy tﬁe “Griineisen parameter”.
Consider now an arbitrary elastic solid subjected to an
arbitrary isothermal small deformation. Expanding the

1 as
poc Vo Oery|T.ewsn

YLM =
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internal energy, U, into a Taylor series around the unde-
formed state, to second order, and using the definitions
introduced above, we obtain

U=A+TS=U,+ V()Z[TLM + poc.Tyomlerm +

5 Voz Z Comvk - T aTCLMNK ]ELMGNK (11)

2

The first terms in the brackets are due to the strain de-

rivatives of the Helmholtz energy; the second terms ori-

ginate in the corresponding derivatives of the entropy. The
quantity

o, T
—Tr(f + poeTy) =P+ -2 = U
KT v T

By analogy we

is sometimes termed “internal pressure”.
will call the tensor

o =1+ pecTy (12)

the “internal stress tensor”.

We now focus on the second-order term in (11) in order
to assess the relative importance of the contributions of
internal energy and entropy to the elastic coefficients:

VoCryng = ._._aZA_ = ﬂ__ -
OerpmOeNK [Teamme  FELMOENK|Tewmmio
%S __oU 1l I
deLmOenk|Teammn  FLMIENK T eummm 9T HMVH],

(13)

Entropic effects are relatively unimportant if the dimen-
sionless ratio

e 51)1

Temperature derivatives of the elastic coefficients at
constant strain are not usually available experimentally.
For an isotropic solid, and under the condition that the
reference (undeformed) state is characterized by an iso-
tropic stress distribution, (14) can be transformed to (see

Appendix A)
1 0C MmNk
T ‘ «1 (15

For uniform hydrostatic compression the relevant elastic
constant is

B = Cll + 022 + 033 + 2C23 + 2C31 + 2012

From (15) we obtain

8 In Crywx
dlnT

OIn Cun 1y

“pT C MmNk
P KT oP

1] ,0B 6B. ‘
= + — 1
‘B[T , apTBaPT] «
or
T Okp apT Okr
kp TP K—T‘A’ oP Tl <1 (16)

For pure shear, e.g., perpendicular to z and in the di-
rection x, the relevant elastic constant is Csi5, = Cy5 = 1
= (. Then (15) is
T 6G apT 1 aGl A
G aTlr T %y G oPld <1 (7

Koppelmann, Leder, and Royer!® have obtained a set
of excellent experimental values for the test of criteria in
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(16) and (17) for a typical glass. Their measurements on
glassy PMMA at T = 20 °C, P = 1 atm, and a frequency
of 4 MHz lead to ap = 18.7 X 10 K™\, k7 = 1.70 X 107
MPa}, G = 1.88 X 10° MPA, (dx7/dP)|r = -1.59 X 1077
MPa™2, (3xkp/dT)|p = 2.16 X 1077 MPa! K, (6G/aP)|p =
3.44, (G /3T)lp = —4.69 MPa K! and hence to

é T
Ay I T||—0071<<1
KT 8T P KT2
apT 1 3G
G 6T + K_T G §|T| =041 (18)

The criteria in (16) and (17) are satisfied for an amorphous
polymer below its glass-formation temperature (far from
frequency regions in which dynamic transitions are ob-
served).

The thermodynamic analysis has shown that the internal
energy contribution to the elastic response to deformation
is much more significant than the entropic contribution.
Below we therefore concentrate on the internal energy
contribution only.

Statistical Mechanical Considerations

General Formulation, Consider a system of polymer
chains within a cube of volume V filled with bulk amor-
phous polymer. For simplicity periodic boundary condi-
tions are imposed, and the contents of the cube are ob-
tained from a single “parent chain” of the type CH;CHR-
(CH20HR)x_1CH3, where CH; and R are simple nonarti-
culated pseudo-atoms”1

A complete microscopic description of the system in
configuration space is given by specifying (a) all 6x — 2
bond lengths in the system, collectively denoted by 1; (b)
all 10x - 5 independent bond (valence) angles in the sys-
tem, collectively denoted by their complements 6; (c) the
location of the chain start, r.; (d) the “Euler angles” ¢ =
(1, ¥, ¥3), specifying the overall orientation of the parent
chain with respect to a fixed frame of reference; and (e)
all 2x — 2 torsion angles ¢ = (¢y, ¢s, ..., ¥o.-1) Of all bonds
of the chain but the first and last. Variables r, and ¢ are

“external”, while variables ¢, 1, and 8 are 1nterna1”
Variables r,, ¥, and ¢ are con51dered to be “soft”, whereas
variables 1 and 6 are thought to be “hard”. The total
number of soft variables in the system is N, = 2x + 4; that
of hard variables is N, = 16x — 7. The total number of
atoms is N = 6x - 1 = (1/3)}(N, + Ny).

To describe the system in momentum space, one needs
another 3N variables, so that the overall phase space of
our system is (36x — 6)-dimensional.

A detailed analysis of the partition function in a polymer
system has been given by Go and Scheraga,!* who found
that motion associated with the soft degrees of freedom
can be treated classically, whereas (vibrational) motion
associated with the hard degrees of freedom must be
treated quantum mechanically. Extending their single-
chain analysis to the bulk polymer, we can write the gen-
eral (“exact”) partition function of our system as

7= 1 N'/ZV[IXV: 13/2 %
= o ﬁh2 myg
6hw
f[ 1- exp( Bhw,) ] [det G

exp[-8UP(¥, ¢)] d¥ de (19)

where 8 = 1/kgT. The first factor in the above expression
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arises from the momentum integration of the soft variables,
treated classically. The volume is due to integration over
r., while the term involving frequencies originates in the
guantum treatment of the hard degrees of freedom. The
quantity UP°H(y, ¢) denotes the total potential energy as
a function of Euler and torsion angles, with all hard var-
iables kept fixed at their equilibrium positions. G is a
transformation matrix, depending on the atomic masses
and the system configuration, that stems from the trans-
formation from a representation in terms of Cartesian
coordinates to a representation in internal variables

N 3 arka arkv&
Z ka

T iSiemt ¢ dq dg,

(G™); (20)
where m,, and r;, , denote the mass and Cartesian coordi-
nates of atom k and q = [Y7»T]7 is the (N, ~ 3)-dimen-
sional vector of Euler and rotation angles.

The thermodynamics of a multichain polymer system
in equilibrium can be deduced, in principle, from the
partition function within the framework of the canonical
ensemble. The Helmholtz energy, A, and internal energy,
U, are simply related to Z by

dlnZ
ag

Harmonic Approximation. A polymeric glass is not
in thermodynamic equilibrium and does not have free
access to all of configuration space. At temperatures 7' <
T, - 20 °C, which are of interest in this work, polymeric
glasses are solids for all practical purposes. Characteristic
times for volume relaxation are of the order of years (p 387
of ref 15). Thermal motion consists predominantly of
solidlike vibrations of atoms around their average equi-
librium positions (p 14 of ref 16), and mechanical response
to small deformations is adequately described by linear
elasticity (p 108 of ref 17).

For the purpose of modeling this “solidlike” elastic re-
sponse of a glass to small deformation, we consider it to
be confined to the vicinity of a local minimum of the total
potential energy in configuration space. We symbolize that
minimum as UP;, = UP"(Yi, @min)-

“Quasi-thermodynamic” relationships around this min-
imum can be written as would be done for a crystalline
solid. Expanding the function UP(y, ¢) around (¥,
Pmin)s We get

Us=-

A=—%an (21)

Ap

1 , IN%
E[Awmr]ﬂmm[wj\ (22)

where AY = ¢ — Vi, Ag = ¢ — omin, the gradient g, =
g(‘pmin’ ‘Pmin)! and the Hessian Hmin = H(wmim ‘Pmin)'

Analytical expressions for the (N, — 3)-dimensional
gradient g(¥, ¢) and the (N, - 3) X (N, — 3)-dimensional
Hessian H(¥, ¢) have been given previously.! By definition
€nin = 0, H, ;. is positive definite, and, from (22)

i AY
UPOY Y, p)= UPOyin + gminT |: ] +

t 1 , Ay
UPYy, p) = UP®t in + 2 ayTag” Hmin{-&kp (23)

We assume that all contributions to the integral in (19)
come from the vicinity of (Wyin, ¢min)- Furthermore, we
conjecture that G and the frequencies «; do not vary very
much with ¥ and ¢ near this minimum, so that they can
be assumed constant. Then, using (23) in (19), we obtain
(p 310 in ref 18)
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7 1 NE/ZV g 3/2
= m X
27 Bh2 Lz ml

B Bha; -
N, exp ——2 [ ) ]1/2
X

i=t] 1-exp(-Bhw) det G,

-
o (Ny-3)/2 1 J1/2 )
( B ) det Hyyy | XA ) =

N
3/2
Elmk 1\ v 12 y
2r3h2 Bh det (GpinH pin)

Bha;
v oo\ =g

i=11 ~ exp(-fhw;)

The last three factors in (23) incorporate the spatial de-
pendence of the partition function. From (21)

exp(-BUPt ) (24)

A = [pot + _1‘ In det (GminHmin) _
min 28 V2
N 3/2
1 kglmk 1\
3 In 2msh? 5h + Ayp (25)
U= lﬂmtmin + (Ns - g)% + Uvib (26)

where

1
Ay = “E In Z;,

_ dln Zvib
vib T 7 66 (27)
Bhuw;
N EP\ -5

Zuio 1=H1 1 - exp(-8hw;)

Let £ be any space-related quantity (such as volume or
a strain component). We concentrate on the derivative
(0U/3§)|r (internal pressure and internal stress tensor;
compare eq 12) and (3%A/8£%)|r (bulk modulus of elasticity
and isothermal elastic coefficients; compare eq 13). From
(25) and (26) we have

aImemin a(Jvi
Ul _ b (28)
3¢ | 3 | 9 |p
Al _
g% |7
PUP i 14 [det (GmmHmin)] 024
O mint 18, | 268 BminHmin)
o |, 28 8¢ Ve A
(29)

Equation 28 expresses the fact that only that part of the
kinetic energy which is associated with the hard-mode
vibrations is spatially dependent. The contribution of the
soft degrees of freedom, treated classically, amounts to an
equipartition term (eq 26), which does not depend on &.
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Equation 29, which is actually the “quasi-harmonic
approximation” (p 14 of ref 11) applied to glassy amor-
phous polymers, breaks up the elastic constant into three
terms:

The first term consists of a “potential energy
contribution”. It expresses the dependence of the energy
of the minimum, to which our system is confined, to
changes in the spatial extent and shape of the system.

The second term incorporates a “configurational
entropy” contribution. It depends on the curvature (H,;,)
of the potential energy hypersurface around the minimum
and can be used to assess the importance of entropy effects
on the elastic constants. Above we have deduced that
these effects are not significant, and this term will be
neglected in the following. This corresponds to the “strict
harmonic approximation” (p 141 of ref 11) for the soft
degrees of freedom.

The third term gives the volume dependence and strain
dependence of the vibrational frequencies associated with
the hard degrees of freedom. By neglecting the configu-
rational entropy term in (29), we are left only with po-
tential energy and vibrational contributions in each of (28)
and (29). The significance of vibrational contributions is
examined next for £ = V.

Vibrational Contributions. The vibrational terms in
(28) and (29) could, in principle, be evaluated exactly by
detailed consideration of all normal modes (p 179 in ref
27 and ref 2) in our system. Such an exact treatment in
a disordered multichain system exceeds current abilities,
however. We only estimate the significance of “hard”
vibrational contributions based on two limiting models that
are frequently used for solid polymers: the Einstein model
and the Debye model. Each of these models assumes a
specific distribution for the vibrational frequencies, w;, in
the vibrational partition function (eq 27), thus permitting
an analytical calculation of Ay, and Uy, According to the
Einstein model'®

O = hwy/kp (30)

w; = Wy,

In the Debye model, frequencies follow a parabolic dis-
tribution

9N A Wmax
fl@) = ==t Bp = —= (81)
w max B
0<w<wpe

In the following the generic symbol O stands for Og or Oy,
for the Einstein and Debye model, respectively.
It is commonly assumed that the Griineisen parameter
[compare (10)]
__dln®
YT dmv

is independent of volume within the temperature range
of interest. Both models lead to the Mie-Griineisen
equation of state, usually assumed to be of more general
validity'® than each of the distributions in (30) or (31):
a[Jp()txxxin _ Uvib

v |, TV
Direct differentiation o% (33), taking into account (10), (27),
(30), (31), and (32), gives

(32)

P+

(33)

1 24
B=—=V—| =
Ky V3¢
FU | Uil b Y re U (o4
aVQ T EY% r V( vib vib) ( )
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where
aUvib
Coib = 8T

From (28) and (33), the relative error in estimating
©@U/aV)|r by (QUP*, /dV)|7 is

= pOVCe
v

aUPOt i Uvi
min| _ OU =2 _p) | -p+Zr
A% T aVir Vv KT
U B op -
— — + —_
6V T P KTT
Uwp CaT
Y v - v
7CvibT

and, for ordinary pressures, where P is much smaller than
’chibT/ |4

al]l:m':min U
oV lp Vir  Uw
= -1 (35)
Q_g CvihT
aVir

From (29) (after omission of the configurational entropy
term), (33), and (34) the relative error in estimating B by
V(@2 UP i/ 8V is

azUpOtmin 04 72
14 avr |y ~B ‘_/Uvib - V(chib = Ugp)
B = - =

B
T 1+~ Uy
_7 ib Y b -1 (36)
VB Y CvibT

Equations 35 and 36 permit direct numerical evaluation
of the relative errors associated with neglecting vibrational
contributions.

For glassy atactic polypropylene, experimental values
at T = 233 K are (this is the temperature of interest in this
paper, see also below)

ap =

2.5 X 107* K (p 244 of ref 20, ref 21, p 60 of ref 6)
B = 3340 MPa (p 267 of ref 6)
p = 892 kg /m?® (p 244 of ref 20)

J
c, = 1320 kg—K (pp 86-89 of ref 6)
whence

Coav _ 177 X 106
Vv ' miK

y =0.71

For both models examined, the quantity Uy;,/C.i,7 is a
known function of T = ©/T. For the Einstein model

Ui _eTe-1 - Og
CaT ~ 2Fgels’ 27T @0
For the Debye model
3Ty .
Usip 5 D(Tp) - 6p
Cal =~ a8+ 77
4D(TD) - eTD -1
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(Values of the Debye function D(x) = (3/x%) (23/(e?* - 1)
dz are tabulated on p 998 of ref 22).

It remains to select appropriate values for 6y and O,
Such values are obtained experimentally from low-tem-
perature heat capacity data; according to Bondi (p 398 of
ref 15) most molecular, and especially polymeric glasses,
have a O, of the order of 120 K. Simha, Roe, and Nanda?®
give experimental values of O and Op for a variety of
glassy amorphous polymers. In all cases the Debye tem-
perature is lower than 120 K. Thus, selecting Op = 120
K and 65 = (3/4)0p = 90 K (a conservative estimate) and
T =233 K, Tg = 0.386 and T, = 0.515, and by the use of
the experimental values listed above, (35)—(38) give

Einstein model:
a[]pmmin
A%

oU
T
oU
3Vir
a?[}potmin
aV?

T

= 0.025

1%

Debye model:
_u
r 9V
U
aVir
aZUpot R
V min
A%
B

Thus, for the conditions addressed here, the vibrational
contributions in (28) and (29) are at most of the order 2.5%
and 6%, respectively. In the following we neglect the
vibrational contributions.

SUPt,;,
av

T
= 0.027

T

= -0.061

Modeling of Deformations

The above thermodynamic analysis has permitted us to
neglect entropic contributions, and thus to estimate de-
rivatives of Helmholtz energy using the corresponding
derivatives of the internal energy. The statistical me-
chanical analysis has justified the use of the total potential
energy of the static structure in place of the internal en-
ergy. We thus replace (28) and (29) by much simpler
forms:

%] _ aUpmmin
Ok |7 9t |,
(estimation of internal pressure and stress) (39)
62A 62[Jxmtmin
652 T 652 T
(estimation of elastic coefficients) (40)

The considerations presented above, and the simplifica-
tions to which they lead, have been crucial in the devel-
opment of a methodology for simulating structure! and for
predicting mechanical properties. (See below.)

Our modeling of deformation rests on the following
assumptions. (Assumptions A-D are essentially restate-
ments of the assumptions introduced for the development
of the undeformed structures.l)
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A. The model is static; i.e., it does not incorporate
thermal motion. Temperature enters only indirectly
through specification of the density in the undeformed
state.

B. The glassy polymer is pictured in configuration space
as an ensemble of mutually inaccessible states of micro-
scopic liquid disorder. Estimates of the macroscopic
properties are obtained by arithmetic averaging of the
responses of individual microstates to deformation. Each
undeformed microstructure and all deformed structures
obtained from it satisfy the requirements of detailed me-
chanical equilibrium.

C. Bond lengths and bond angles are kept fixed. Mo-
lecular rearrangement upon deformation occurs exclusively
through rotation around skeletal bonds (“Strophon
assumption”).

D. Backbone carbons and pendant hydrogen atoms are
treated explicitly, whereas methyl groups are lumped into
single “quasi-atom” entities.

E. Entropic contributions to the elastic coefficients are
neglected; only potential energy effects are considered.

F. We concentrate on the elastic response to deforma-
tion. Viscoelastic phenomena associated with relaxation
or flow are not considered. Thus we avoid chain slippage;
i.e., each deformed microstate must be structurally similar
to the undeformed microstate from which it is derived.

Assumptions A and B find justification in the thermo-
dynamic and statistical mechanical considerations pres-
ented above. According to (39) and (40) the relevant
quantity is the total potential energy, Ur° ., of a local
minimum in configuration space. It is the changes in this
quantity that we have to monitor as a function of defor-
mation in order to predict the mechanical properties.
Assumption C follows directly from the analysis of the
vibrational contributions associated with the hard degrees
of freedom (see above). Assumption E is a consequence
of the above thermodynamic analysis. Assumption F leads
us to consider only very small degrees of deformation.
According to a rule of thumb!” polymer glasses are linearly
elastic up to deformations of approximately 1%. We limit
ourselves to deformations smaller than that. In general,
our assumptions have been designed so as to give a model
that is realistic, and at the same time, tractable with
available computational resources.!

A frequently used assumption is that of “affine” or
“homogeneous” (p 9 of ref 11) or “quasicontinuum” de-
formation, whereby all atom coordinates are transformed
by a simple linear rule (A is a transformation matrix and
I the unit matrix of order three)

rafine = Ap + b (41)
and (see eq 1)
effine = (1 /2)(ATA - 1) ~ (1/2)(AT + A) - T (42)

Such an affine transformation is impossible in our model
systems because it would entail distortion of bond lengths
and bond angles, contrary to the requirements of as-
sumption C. Moreover, the structure resulting from an
affine transformation will not, in general, satisfy the re-
quirement of detailed mechanical equilibrium (assumption
B). Thus, deformation in our bonded systems has to be
introduced in a more subtle way.

The method we developed for simulating deformation
consists of the following steps:

1. Start with an undeformed structure in detailed me-
chanical equilibrium. The continuation geometry in the
undeformed state is cubic; i.e., the continuation vectors
.0, 4,0, and a,, are mutually perpendicular and equal in
magnitude. The starting structure is a member of the
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ensemble of 15 structures described earlier! and satisfies
the condition

Upot (\00, ©0; 850y ayo, axo) = min (43)

2. Choose the type of deformation to be imposed.
Choose a small degree of deformation ¢, such that |¢] « 1.

3. Modify the location of the cube origin 0 and the
continuation vectors a,, a,, and a, so that they correspond
to the chosen deformation. For the simple deformations
studied here, initial system quantities (0y, a9, 8,0, a,0) are
transformed to give the deformed system quantities (0, a,,
a,, a,) as follows.

uniform hydrostatic compression

1-(1-¢1/8
0=0,+ —2—'53::0 + a0+ a,)
a,=(1- 6)1/3ax0 a, = 1- e)1/3ayo (44)
a,=(1- E)1/3320
pure shear (perpendicular to 2, along x)
0=0,-(1/2)ea,y, a,=a, &, =ay (45)
a, = a,; + ea,
pure uniaxial tension (along x)
0= 00 - (1/2)€ax0 a, = a1+ 6)8,10 a, = a, (46)

a, = 8y

In (44)-(46) 0 has been chosen in order to have the center
of the cube remain unchanged during deformation. Other
shear and tension deformations are obtained from (45) and
(46) by cyclic permutation. The degrees of freedom of the
undeformed system (¥, ¢,), together with the continuation
vectors a,, a,, a,, define a new initial guess structure, which
is not in detailed mechanical equilibrium.

4. Starting from this initial guess structure, minimize
the total potential energy with respect to the 2x + 1 mi-
croscopic degrees of freedom (¥, ¢), keeping the continu-
ation vectors equal to their deformed values:

UrH(Y, ¢; a,, a,, 8,) = min (47)

The resulting structure again satisfies the conditions of
detailed mechanical equilibrium, but under the continu-
ation geometry dictated by the mode and degree of de-
formation chosen in step 2 (compare eq 43 and 47); it is
a “deformed model structure”. The minimization (eq 47)
is performed by using the BFGS quasi-Newton algorithm.
Analytical expressions are used for the gradient with re-
spect to the vector of unknowns (rc;, ¥, ¢). They are given
in Appendix 1 of ref 1.

Computationally, the minimization problem (eq 47) is
identical with the relaxation problem for the undeformed
structure.! Since we want to realistically reproduce the
elastic response of a glassy structure to small deformations,
the “full” nonbonded interaction and torsional potential
functions are used throughout the minimization.! Param-
eters have been described earlier.! The computation of
UP°t requires solution of the minimum image problem in
noncubic continuation geometries. We implement an ef-
ficient “screening” algorithm of our own construction,?
which is applicable to both orthogonal and sheared sys-
tems. The computation time for an energy and gradient
evaluation on the MIT Honeywell DPS 8/70 computer is
77 8.1 Reaching a minimum energy deformed model
structure typically requires 300-450 function evaluations.

5. To study different degrees of deformation, change
e and go back to step 3.
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Step 4 in this procedure requires large amounts of
computer time. We implemented a computational expe-
dient, which consists of a preliminary “approximately
affine” deformation. It was carried out between steps 3
and 4 as follows:

(3a) Bring the cube interior as close as possible to an
affine deformation. This is done by minimizing the sum
of squares of the differences between actual and affinely
deformed coordinates.

6x-1
g{ri(rcoa lp, @5 8y, ays az) -
i=

riaffine(ro’i, 009 8,0, ayOv a0, e)}Z = min (48)

During this minimization the continuation vectors a,, a,,
and a, are fixed at their deformed values. Also, the con-
tinuation coefficients® of each atom are kept equal to their
values in the undeformed state. Minimization is performed
with respect to the 2x + 4 = 156 variables (r¢;, ¥, ¢) by
using the undeformed state values (r¢, Vo, ¢o) as initial
guess. The constants r;#fi¢ for each type of deformation
are determined as follows:

uniform hydrostatic compression

raffine =
1-(1-¢8
0, + —_2‘_{8::0 +a,0+ 8, + (rg - 0)(1 - 93
(49)
pure shear (perpendicular to z, along x)
(rg — Op)(a X 8,0) 1
rafﬁne=r + ¢ - a 50
0 a'10’(8-4:0 X a;yO) 2 2 (50)
pure uniaxial tension (along x)
(rg — 0p)-(ayy X a,)
paffine = p o+ ¢ > o1 a, (51)

a,o-(ayo X 820) 2

Equations 49, 50, and 51 are of the general form (eq 41).
One can easily verify that they are the affine transfor-
mation equations corresponding to the changes in (44),
(45), and (46) and that they leave the cube center un-
changed. Affine equations for other shears and tensions
are obtained from (50) and (51) by cyclic permutation
Affine equations for other shears and tensions are obtained
from (50) and (51) by cyclic permutation. Approximately
300 function and gradient evaluations are typically needed
to reach the minimum. The CPU time per function and
gradient evaluation at the MIT Honeywell DPS 8/70 is
less than 2s. The sum, over all 455 atoms, of the squared
deviations from affine displacement at the minimum is
typically about 0.5 X 107® A2 in the case of shear, about
0.1 X 102 A% in the case of compression, and about 0.2 X
1072 A? in the case of uniaxial tension. Use of step 3a
typically reduces the number of function evaluations in
step 4 by ca. 100; it reduces the overall computing effort
by roughly 30%.

It must be emphasized again that step 3a, that of ap-
proximately affine deformation, is merely a computational
expedient. Its purpose is to bring the structure closer to
the deformed minimum energy configuration. Its utility
lies in the fact that the minimization in (48) is much less
time consuming that the minimization in (47). If we omit
step 3a, we obtain the same deformed model structure, but
at greater expense in computer time.

An observation worth mentioning here is that if one
starts from a deformed model structure (result of step 4
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Figure 1. Total potential energy vs. fractional increase in volume
for one mode! structure from hydrostatic compression—tension
experiments. See text for details.

above) and reverses the deformation by changing the
continuation vectors a,, a,, a, back to a,, a,9, 8,0, and
minimizes UP(Y, ¢; 8,0, 8,9, &,0), one reaches the original
undeformed model structure (¥, ¢,); within the strain
range studied (¢ of the order 1073) the model system’s
response to deformation is completely reversible (or
“elastic”), as demanded by assumption F. The detailed
mechanical equilibrium requirement UP'(y, ¢; ¢) = min
seems to have a unique solution (¥, ¢) around the unde-
formed state (¥, ¢o) within the range of degrees of de-
formation studied. This uniqueness characteristic may
cease to hold for considerably larger values of ¢; a bifur-
cation in the minimum potential energy trajectory in
configuration space might indicate the onset of flow.

Steps 3 and 4 constitute a new, perfectly general al-
gorithm for the deformation of any periodic model system,
which is of wider applicability and more rigorous than
previous approaches (compare Chapter 4 of ref 11). De-
formation is modeled as a progressive change in the per-
iodic continuation conditions, and changes in the interior
of the cube come as a consequence of displacements in its
surroundings. The unconstrained minimization require-
ment (eq 47) introduces no artificial external forces on the
interior of the modeled infinite continuum. Our scheme
is totally free of preconceived assumptions (such as affine
deformation). In the case of a simple lattice, where all
atoms are equivalent, the sequence of steps 3 and 4 would
naturally lead to an affinely deformed state, and our me-
thod thus contains affine deformation as a special case.

Performing the loop over steps 3-5 in a sequence cor-
responding to different degrees of deformation yields a
sequence of deformed structures. Such a sequence, ob-
tained from hydrostatic compression-tension runs, is
represented in Figure 1 by the total potential energy as
a function of the fractional increase in volume. The point
representative of the undeformed state lies in the center.
On either side of it lie points corresponding to compres-
sions of e = £0.001, £0.002, £0.004, and £0.008. All nine
points fall on a smooth curve. For the modeling of ma-
croscopic mechanical properties we only require the slope
and the curvature around the undeformed state; thus, we
choose to confine ourselves to degrees of deformation of
#0.001. These two points, together with the undeformed
system point, provide all the information necessary. Each
undeformed structure is subjected to the following de-
formations:

1. Uniform Hydrostatic Compression. ¢ = +0.001.
The degree of deformation, ¢, is defined as a fractional
decrease in volume. From (1) and (49) the strain tensor
for this deformation is ¢ = - (¢/3) diag (1,1,1) and the
vector of six strain components is
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e=[-€/3 /3 —/3 0 0 0]T (52)

2, Pure Shear. (a) Perpendicular to z, along x, ¢ =
£0.001; (b) perpendicular to z, along v, ¢ = £0.001; (¢)
perpendicular to x, along y, e = £0.001.

The degree of deformation, ¢, is defined as a component
of shear strain. For the zx-shear transformation, for in-
stance, the strain tensor [(1),(50)] is

0 0 €/2
e=] 0 0 0
€/2 0 0

and the vector of six strain components is
e=[0 0 0 0 ¢ 0] (53)

Some additional experiments were carried out in shear
perpendicular to x and parallel to z in order to check for
consistency. The properties of an xz-sheared minimum
energy structure were found to be identical with those of
the corresponding zx-sheared minimum energy structure,
as expected.

3. Pure Uniaxial Tension. (a) along x, ¢ = £0.001;
(b) along y, ¢ = £0.001; (c) along z, ¢ = £0.001.

The degree of deformation, ¢, is defined as a tensile
strain. For example, in uniaxial tension along x the strain
tensor [(1),(51)] € is ¢ = diag (¢,0,0) and the vector of six
strain components is

e=[ 0 0 0 0 0]7 (54)

Calculation of the Internal Stress and the Elastic
Coefficients

A total of fifteen undeformed model structures have
been created;' eight of them were deformed as described
above. Hence, eight sets of structures, each consisting of
one undeformed and fourteen deformed states, were ob-
tained. For each such set of structures estimates of the
mechanical properties were deduced by three methods.
The description of these methods follows.

Energy Approach. Taylor expansion of the total po-
tential energy UP*, . in the degree of deformation ¢ around
the undeformed state yields [see (11), (14), (39), and (40)]

UP in = UPino + VOE}[T T pocTyomleny +

1
§V0 2 2 Cryniermenk (55)
LMNK

where the tensor appearing in the second term is the
“internal stress” (eq 12) and C;ynx is an element of the
fourth-order tensor of isothermal elastic coefficients. When
(52), (53), and (54) are substituted for the strain tensor,
(55) then reduces to special forms in “compact” notation,
as shown in (56)—(58).

uniform hydrostatic compression

L]potmin = wm’min,o - V0(1/3) TI‘(T + poccT'Y)OE +

(1/2) VO(Cllll + C1122 + Cll33 + 02211 + C2222 + 02233 +
Casin + Cazan + Cagza)(e/9) =

CZPT
U o — Vol =P+ — ) e + (1/2)V,Be® (56)
KT

0

where
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pure shear (perpendicular to z, along x)

UP in = UP%ing + Vol7is + 731 + poc Ty +
vale/2 + (1/2)Vo[Cigi3 + Ciag + Capyz + Caygy =
UpOtmin’o + Vo(T5 + pOCeT‘YS)é + (1/2) Voc55€2 (57)

where
quret .
a e = Vo(T5 + poC(T’Y5)
€
62Up0tmin =V.C
92 obes

pure uniaxial tension (along x)
UPtin = UP%ino + Volrir + pocryie +

(1/2)‘/'00111162 =
UPOtmin,0+ Vo(r1 + poc. Ty1oe + (1 /2)V001162 (58)

where

a UPOtmin

= Vo(ry + poc.Ty1)o

The slopes and curvatures of UP®,;, , were estimated from
the results of our deformation simulations by three-point
finite-difference formulas. Contributions from long-range
nonbonded interactions (“potential tails”) are taken into
account for compression and tension, since these do not
conserve volume. The tail contribution is inversely pro-
portional to system volume and has the form!

\%
AL]pm;tails = AL]'cails,o( T/Q ) (59)

where in our case AUP*, ;. , = —84.76 kcal/(mol structures).

A test for internal consistency is provided by the fact
that the “internal pressure”, -P + a,T/«r, from (56) must
be identical with (1/3) ;2.2 (r; + pee. Ty;) = (1/3)Tray,
obtained from (58) and the two equivalent forms for ten-
sion along y and z. In our calculations they were always
found to be equal.

In summary, the first derivatives in the energy approach
lead (in the case of compression) to the internal pressure,
(=P + a,T /7)o, and (in the case of shear and tension) to
the internal stress tensor, o, (all first derivative information
pertains to the undeformed state only). From the second
derivatives we obtain (in the case of compression) the bulk
modulus B and (in the case of shear and tension) the di-
agonal elements of the 8 X 6 matrix of isothermal elastic
coefficients, C.

Force Approach. We proceed to solve the detailed
force and torque balance equations for all atoms and bonds
of each structure. According to our assumptions C and
D above, and to our choice of potentials,! bonds are rigid
sticks that exert on the atoms attached to them (i) forces
of any magnitude and direction; (ii) torques of any mag-
nitude in directions perpendicular to their axes; (iii)
torques along their axes whose magnitude is defined by
the intrinsic torsional potential function. (This refers to
skeletal bonds which, although rigid and rigidly attached
to the atoms they connect, can yield to rotation around
their axis.)

Thus, atoms in our system experience the following
(shown schematically in Figure 2):
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Figure 2. Interatomic forces and torques: (a) nonbonded forces;
(b) bonded forces; (c) bonded torques.

(a) Nonbonded Forces. These are central and dictated
by the nonbonded interaction potential. The nonbonded
force on atom i, due to atom J, is

dUNB,
dr

One need not consider nonbonded forces between atom
pairs whose separation is fixed by connectivity.!

(b) Bonded Forces. These are, in general, noncentral.
Their magnitude and direction are determined by the
balance condition (see below). The bonded force exerted
at atom i from atom j through bond ij is FB,;.

(c) Bonded Torques. These are exerted on skeletal
carbons through either pendant or skeletal bonds. Their
magnitude and direction are determined by the balance
conditions. TB; is the torque exerted on atom i by atom
J through the bond ij. If the bond is skeletal, characterized
by a torsion (dihedral) angle ¢, the component of the
torque T'B;; that is exerted along the axis of the bond is
dictated by the intrinsic torsional potential function:

ri-r; dU,

TB. = (61)
Tlej-rl de =y,

l'j—l'i

FNB, = (60)

=X — Tl

The requirement of detailed mechanical equilibrium
demands that

2F =0, 2T=0 for all atoms, all bonds  (62)

The set of detailed force and torque balances (eq 62) is
equivalent to the requirement (eq 47) of minimum po-
tential energy. The static undeformed and deformed
structures constitute solutions to the set of (62). The
values of the microscopic degrees of freedom (¥, ¢) have
been specified through the minimization (eq 51), and the
set of (62) is overdetermined. Thus, (2x + 1) = 153 con-
sistency checks can be carried out per structure, and the
accuracy of the minimizations can be checked.

The balances (62) were solved in a segment-by-segment
fashion “along” a parent chain, and the forces and torques
exerted on each atom and each bond of each structure were
computed. The explicit form of (62) as well as the solution
procedure are described in Appendix B. It was found that
in all (undeformed and deformed) systems the balances
close with a relative error of less than 107 (see Appendix
B).

From the atomic forces and torques the total forces F;
exerted on the interior of the model “box” by its sur-
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Figure 3. Face forces Fy, face area Sy, and face normal n;.

roundings through each of its faces can be obtained. This
is done by summing individual forces (bonded and non-
bonded) and torques exerted on “interior” atoms from
surrounding atoms through each face. In a periodic system
such as ours “face forces” F exerted on opposite faces of
the box must be such that their sum is 0. The internal
stress tensor o (see eq 12) is related to the face forces F;
through (compare eq 2)

Ff = aTnfo (63)

where n; is the unit normal vector perpendicular to face
f and S; the area of face f, as indicated in Figure 3. Solving
the nine independent eq 63 for the nine elements of o
yields a tensor that is symmetric to an excellent approx-
imation; this is an additional indication of closure of the
balance equations.

Thus, from the force approach one obtains, by direct
calculation, the internal stress tensor ¢ in the undeformed
and in all deformed states. (Note that the calculation of
the undeformed stress tensor ¢, requires no information
from the deformed states, unlike the corresponding cal-
culation with the energy approach.) Furthermore, (55)
indicates that the isothermal elastic coefficients can be
obtained from the first derivatives of the components of
the internal stress with respect to strain. Hence, one can
calculate the full 6 X 6 matrix C of elastic coefficients from
the slopes do;5/ 3¢ in tension and shear. A single tension
experiment provides one of the first three columns of the
C matrix; a single shear experiment provides one of the
last three columns. Since we perform a pair of computer
experiments in each mode of deformation (¢ = £0.001), we
have two estimates for each element of the C matrix.
These estimates, as a rule, agree very well with each other,
indicating that changes upon deformation are symmetric
around the undeformed state (harmonic behavior). The-
oretical estimates of the C matrix are to a very good ap-
proximation symmetric, which constitutes an additional
confirmation 'of consistency.

In summary, the force approach yields more information
than the energy approach because it is much more de-
tailed. Those quantities (o, and the diagonal elements of
C) that can be obtained by both approaches are found to
be practically identical, as is theoretically expected.

Virial Theorem. The virial theorem approach con-
stitutes an alternative formulation of the force approach.
The virial theorem of statistical mechanics? gives the stress

4773 + 498 3244 + 542 2047 = 3556
3244 + 542 5871+ 772 2943 + 557

C-= 2047 + 365 2943 + 557 3492 + 497
93 + 242 777« 707 695 + 497

- 243+ 274 -162+ 167 -367 + 191

51 + 231 502 + 384 -31 =+ 158
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tensor 7 in a macroscopic, bounded system in terms of the
atomic momentums p;, masses m;, coordinates r;, and in-
teratomic forces F;; as

Tomy VT =

1 PiLDb;, 1
W=y <Z = M> - ool X (i~ i) Fym)
(64)

(Brackets denote ensemble averages). In a static, un-
bounded, periodic model structure the appropriate form
of (64) can be shown to be

1 ,
om =~ ool 2 (rip = 7D minF ™ ) (65)
PAYS
where min denotes distances and forces between mini-
mum-image (hence interacting) pairs of atoms. Both
bonded and nonbonded forces are included in Fj, i.e.

F,‘j = FB,'}' + FNB,'J' (66)

Equation 65 provides a means of directly calculating the
internal stress tensor from interatomic forces, which are
computed from the detailed force and torque balances as
discussed in Appendix B. Since only minimum-image pairs
are involved, it is evident that ¢ is invariant to translations
of the chain origin.

The o tensor obtained by applying (65) to each of the
undeformed and deformed structures is identical to the
one obtained by the force approach described above.
Results are treated in the same way to arrive at estimates
of the elastic coefficients. The actual equivalence between
the force approach and the virial theorem approach is
proved in Appendix C.

Results

Elastic Constants. Average values and standard de-
viations of the diagonal elastic coefficients and of the bulk
modulus, obtained by the energy approach from the eight
structures studied in deformation, are listed below.

4777 + 497
5871 « 774
3507 + 495
C= 896 + 439 MPa  (67)
1230 + 136
1230 + 326
B = 3270 + 415 MPa (68)

Our estimate of the 6 X 6 matrix of elastic coefficients from
the force (or virial theorem) approach is presented in (69),
in the same form. The diagonal elements of (69) are in
excellent agreement with (67). For a macroscopic, isotropic
material the C matrix (eq 69) should assume the form of
(7). The small size of the model systems, however, induces
considerable fluctuations of the properties in different
directions within a given structure. In addition there are
fluctuations from structure to structure for the same
property in a given direction. Nevertheless, it is obvious
that the nonzero elements of (7) are dominant in (69) and
that all elements deviate from the values suggested by (7)
by less than two standard deviations.

93 = 242 —-243 + 274 51+ 231
777 + 707 -162 = 167 502 + 384
695+ 497 -367 = 191 -31: 158 MPa (69)
858 + 472 8+ 64 -696 = 477
8+ 64 1230 + 135 176 = 179

-696 + 477 176 + 179 1221 + 333
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Table I
Comparison of Experimental and Predicted Values of the
Elastic Constants

theory
energy approach force approach
deviation deviation
exptl from from
property value?® value  expt, % value  expt, %
Lamé const, 2690 2520 -6.3 2700 +0.4
A, MPa
Lamé const, 970 1110 +144 1020 +5.2
u, MPa
G, MPa 970 1110 +14.3 1020 +5.2
E, MPa 2650 2990 +12.8 2790 +5.3
B, MPa 3340 3250 -2.6 3390 +1.5
v 0.37 0.35 -5.4 0.36 -2.7

¢References 6 and 28; see text for details.

To obtain estimates of the elastic constants for com-
parison with experiments we proceed as follows.

Energy approach. We average tension and shear results
over all structures and over all directions. Mean values
and standard deviations of the means thus obtained are
listed below. Observe that each value comes from 24 in-
dependent contributions, whereas each entry of (67) rep-
resented an average of 8 numbers. Also, the estimate of
B from hydrostatic compression [compare (68)] is given,
in which directional averaging is implicit.

(tension)
(1/3)(C11 + C22 + C33) = 4718 £ 389 MPa= 2[.& + A
(70a)
(shear)

(compression)
B = 3270 £ 415 MPa = A + (2/3)u (70c¢)

Equations 7 and 8 impose simple relationships on the
values listed in eq 70. The Lamé constants A and u can
be obtained from any two of the three entries in (70), and
checking against the third confirms that the three model
estimates are consistent within 1%. Thus, the model en-
semble’s response to small deformations conforms to that
of an isotropic elastic solid.

The values of A and u that best describe the results (eq
70), together with the values of the elastic constants ob-
tained through (8), are listed in the third column of Table
I

Force Approach. Averaging the estimates of the elastic
coefficients from the force approach over all structures and
all orientations (compare (69)), we obtain

(tension)
(71a)
(tension)

(shear)

The three values in (71) are consistent in A and u within
5%. The best values of A and u that describe the results,
together with the elastic constants obtained through (8),
are listed in the fifth column of Table I.
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Comparison of Theory with Experiment. Experi-

“mental data on the mechanical properties of glassy atactic

polypropylene are relatively rare. Direct measurements
of the Young’s modulus of elasticity, E, on atactic poly-
propylene in the glassy region have been performed by
Sauer et al.;?® at —40 °C, by mechanical testing at audio
frequencies on samples of molecular weight of 3 X 10° and
0% crystallinity, they find

experiment: E = 2560 MPa (72)

An experimental value of B = 3500 MPa for the bulk
modulus is reported (p 27 of ref 6), but it probably refers
to the isotactic, semicrystalline form of the polymer and
to room temperature. A better value is obtained from the
correlation presented on p 267 of ref 6: for atactic poly-
propylene at —40 °C, a bulk modulus of

experiment: B = 3340 MPa (73)

is most plausible. Values of (72) and (73), together with
the constants A, i, G, and » obtained from them, are listed
in the first column of Table I. Observe that G is very close
to the typical “glassy” value of 1000 MPa and that » obeys
the rule of thumb that “all glassy polymers have a Poisson
ratio of approximately 1/3” (p 111 of ref 13). The ex-
perimental values listed in Table I are though to be ac-
curate to within 15%.

Relative deviations between the theoretical estimates
and the corresponding experimental values are listed in
the fourth and sixth columns of Table I for the energy and
the force approach, respectively. One must reiterate here
that the model has no adjustable parameters. Also, there
is an uncertainty associated with the theoretical values,
an estimate of which is provided by the standard devia-
tions in (70) and (71). The energy approach predicts all
elastic constants with a relative error of less than 15%.
Estimates obtained by the force approach are in even
better agreement with experiment. We can conclude that
our methods are remarkably successful in estimating elastic
constants.

Thermal Expansion Coefficient. The ensemble-av-
eraged internal stress tensor in the undeformed state, o,
obtained from the 15 model structures by the force ap-
proach, assumes the form (mean values * standard de-
viations of the mean)

82.4+ 26,6 -17.9:12.4 -0.2¢:12.3
o, = [-17.9+12.4  67.3:402 -7.2:11.0|MPa
-0.2:123 -7.2:11.0 96.9+ 22.9

(74)

Within the framework of this static model it is not possible
to separate the external stress contribution (r;) from the
Grineisen tensor contribution (pge, Tv,) to the internal
stress tensor . For ordinary external loads, however (an
external pressure of 1 atm has been assumed in specifying
the density of the undeformed system?), the Grineisen
tensor contribution, which is a measure of cohesive forces
in the polymeric solid, is clearly dominant. For an iso-
tropic, macroscopic material o, must then be diagonal, with
all diagonal elements equal (compare eq 10). The model
estimates (eq 74) do not strictly satisfy this requirement
because of limited sample size, but all off-diagonal ele-
ments are 0 within two standard deviations, and the di-
agonal elements are equal within the same limits.

The trace of ¢, can be used to estimate the ratio of the
thermal expansion coefficient to compressibility:

Qp

1 P
E = 3_T Tr(ey) + 7, (75)
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Figure 4. Inter- and intramolecular contributions to the three
first diagonal elements of the 6 X 6 matrix of isothermal elastic
coefficients. See text for details.

Using P =1 atm and T = 223 K, we obtain ap/xr = 0.35
+ 0.06 MPa/K.

With the calculated value for the bulk modulus (eq 68)
a theoretical estimate of the thermal expansion coefficient
is

ap = (1.08 £ 0.23) X 10* K! (76)

Zakin et al.?! have carried out measurements of the thermal
expansion of an isotactic polypropylene (18% crystalline).
Their value for —40 °C is 2.51 X 10™* K1, An experimental
curve of specific volume vs. temperature for atactic poly-
propylene is given on p 294 of ref 20. From it the thermal
expanion coefficient of the glassy atactic polymer at —40
°Cis 2.7 X 107* K1, Experimental values given on p 60
of ref 6, in contrast, lead to a value of 2.0 X 107* K™1. We
accept here as representative value

experiment: ap = 2.5 X 10* K! (77)

The theoretical estimate (eq 76) is too low by a factor of
2.5. An analysis of the sensitivity of the computer esti-
mates to perturbations in the potential parameters used
show that the estimate of the thermal expansion coeffi-
cient, unlike those of the elastic constants and the solu-
bility parameter, can change significantly with small
changes in the potential energy parameters (see Appendix
D); e.g., a slightly inappropriate choice of the van der
Waals radii may be responsible for the discrepancy be-
tween (76) and (77).

Intra- vs. Intermolecular Contributions to Elastic
Response. Following Yannas and Luise,? we now separate
between intramolecular and intermolecular contributions
to the elastic response. Intramolecular contributions to
o and C are computed from changes in the parent-chain
energy with deformation. Equations 56~58 are used, but
Upet .. is replaced by the total potential energy of an
isolated parent chain, computed with the “full” Lennard-
Jones potenial function. Intermolecular contributions are
determined as the difference between the intramolecular
quantities and the appropriate total. They, too, can be
regarded as being determined by (56-58) if UP®_.. is re-
placed by the cohesive energy of a structure.!

Inter- vs. intramolecular contributions to the three first
diagonal elements of the C matrix (Cy;, Cy, and Cs3), ob-
tained from the eight structures that were deformed, are
plotted in Figure 4. There is a total of 24 points. Each
point comes from a pair of uniaxial tension “experiments”.
Points from the same structure have been plotted with the
same symbol. The broken line corresponds to the equation
(compare Table I)
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Cpiter + Cpfotre = 24 + A = 4740 MPa, I =1, 2,3 (78)

One clearly observes a strong negative correlation between
the inter- and intramolecular contributions to the Cy's.
Each of these contributions may vary widely, but their sum
is approximately constant. The same conclusion is reached
by comparing inter- and intramolecular shear moduli, or
compressibility. The wide variation in the intramolecular
elastic coefficients probably reflects the high multiplicity
of single chain conformations within the polymer. The
intermolecular interactions between different chains
strongly dampen the effects of individual chain idiosyn-
crasy, however. The relationship between inter- and in-
tramolecular contributions is therefore not synergistic, but
antagonistic.

The intramolecular part of the internal stress tensor,
averaged over the eight deformed structures assumes the
form

-146.7+ 386 11.2+24.0 11.2:11.0
Ointra = 11.2+ 24.0 -203.8+ 57.6 32,4+ 46.9| MPa
11.2+ 11.0  32.4: 46.9 -150.4 + 29.8

(79)

All diagonal elements in this intramolecular tensor are
negative, in marked contrast to those of the total tensor
(eq 74). (The energy of an isolated parent chain would
decrease if the chain were allowed to expand.) In other
words, single chains in the polymer are under compression
by their neighbors. Coexistence in the bulk requires
suppression of the tendency of individual chains to expand
due to “excluded volume” effects. This, of course, is merely

a restatement of Flory’s “random coil hypothesis” (p 602
of ref 29).

Microscopic vs. Macroscopic Stability

As we mentioned earlier,! the fact that each of the
microstructures is in detailed mechanical equilibrium does
not imply that our model glass is in stable thermodynamic
equilibrium. Here we further elucidate this distinction,
using the deformation results.

The condition for stable mechanical equilibrium in a
microscopic structure is!

H: positive definite (80)

where H is the Hessian matrix of the total potential energy
with respect to the microscopic degrees of freedom. The
thermodynamic criterion of stability for an elastic solid
is (Chapter 13 of ref 12)

C: positive definite (81)

where C is the 6 X 6 matrix of isothermal elastic coeffi-
cients. All our model structures satisfy the microscopic
criterion 80, by construction. However, application of the
thermodynamic criterion (eq 81) to the individual mi-
crostructures led to the conclusion that two of the eight
structures studied in deformation are not stable thermo-
dynamically. For these structures modes of deformation
exist in which the total energy is concave with respect to
an externally imposed macroscopic strain. Our model
deformations thus provide direct proof of the fact that
criteria 80 and 81 need not be simultaneously fulfilled.
Although the ensemble-averaged matrix C (eq 69) is pos-
itive definite, the existence of microstructures whose re-
sponse to deformation does not satisfy criterion 81 may
shed some light on the inherent “instability” of real
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Figure 5. Notation for the solution of detailed force and torque
balance equations: (a) first segment; (b) intermediate segment;
(c) last segment.

Table I1
van der Waals Radii, in A
species H C R
I. base case 1.3 1.8 2.0
II. perturbed case 1.2 1.7 2.0
Table ITI
Changes in Estimated Properties
I, value,
per-
I, value, turbed change,
property base case case %
solubility parameter 5, 14.6 15.6 +6.8
(J/cma)l/z
1/4(Cyy + Cay + Cyy), MPa 6524 5303 -18.7
1/4(Cyy + Cs5 + Cgs), MPa 1278 1337 +4.6
ap/kr, MPa/K -0.175 +0.717  -509.7

polymeric glasses.
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Appendix A: Criterion for the Significance of
Entropic Effects in Elastic Deformation

We will derive criterion 15 from the less useful form (eq
14). For an arbitrary thermodynamic quantity a, char-
acteristic of an elastic solid, we may write

a=a(T,7)=a(T, v (Te) (A1)

Then
da| _ da da 71ae
aTl. ~ 4TI, LZA}I[ O plTram T |, ] (A.2)
Considering 7 = 7(T, ¢) we have
dTLM = — dT Z deNK
NK éeNK
hence
0Ly Tm Oenx
aT € —NKaENK aT - - —]%{ CLMNKaNK (A.3)

where a = (d¢/dT)|, is the thermal expansion tensor (p 33
of ref 11). Combining (A.1) and (A.3)

da| _ da
aT|. aT),

For an isotropic solid, we have ayg = (ap/3)onk, and (A.4)
gives

da
-2 X CLMNKaNK

(A4)
LM NK ATy

Trramn
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da Comin + Comze + Crmsz da

da _ 9da
T

aT

- ap
e LM 3 aTLM Torimn

(A.5)

Furthermore, expressing all isothermal elastic coefficients
as functions of the Lamé constants (eq 7) we obtain

da| _ da| _ (Hz ) da

aTl. ~ aT|, ~ ** 3¥ Norulrra
oa da
— — (A.6)
O799|Trgn  0733iTirey

If we assume in addition to the isotropy of the system, that
the distribution of stress is isotropic, all three derivatives
within the curly brackets are equal. Application of the
differential stresses dr;;, g9, and drs5 on the system leads
to a change in a equal to

da da da

daly = — dry; + — droy + — dr
Ir 711 |Tray 1 0799 Tiren) 22 O733|Trany 5
da da
= — (dry; + d7gy + drgg) = -3— dP
0711 Tray . 2 % 0711 |Trray
whence
da da da 1 da
—_— - = — = — — (A'7)
0111 Trny  OTaalTrn OTs3|Tirgy 3 dP|r
Therefore, by the use of (A.7) and (8), (A.6) becomes
da da ap da
—l == +— = .
dTl. dTlp «p OP|r (4.8)

Application of (A.8) for a = Cpynk leads directly from
criterion 14 to criterion 15.

Appendix B: Force and Torque Balance
Equations

Consider a parent chain, CH;-CHR~(CH,-~CHR),_, -
CH,, immersed in a sea of its neighbors. Following Flory™®
we number its skeletal bonds from 1 to 2x and its skeletal
atoms from 0 to 2x. Furthermore, we number its atoms
from 1 to 6x — 1 as follows (compare Figure 5): atoms 1
and 6x — 1 are the terminal CHj substituents; atoms 3k
- 1,1 <k < 2x — 1 are skeletal carbons; they are chiral if
k is odd and achiral if & is even; atoms 3k,1 < k < 2x -
1 are pendant hydrogens; and atoms 3k + 1,1 < k < 2x
-1 are pendant hydrogens (if k is even) or R substituents
(if k is odd). We call “skeletal segment” a skeletal atom
and all its substituents. Skeletal segment O consists of the
terminal atom 1. Skeletal segment 2x consists of the
terminal atom 6x — 1. Skeletal segment k (1 < k < 2x —
1) consists of the carbon 3k — 1 and the substituents 3k
and 3k + 1. Bond & connects skeletal segments k& - 1 and
k.

With the nomenclature, and with the notation intro-
duced in the discussion of the force approach in the main
text, the detailed force and torque balance equations as-
sume the form:

Segment 0
Force balance on atom 1:

FB, = S FY, (B.1)

=1
Torque balance on atom 1:
TB,=10 (B.2)

Force balance on bond 1:
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(-FBy) + (-FB,)) = 0 and FB,, = -FB, (B.3)
Torque balance on bond 1:
(-TBy) + (r; ~ v X (-FBy) + (TB;) = 0
or
T8y = T8, - (1, —ry) X FByy (B.4)
Segment k, 1 <k <2x -1
Force balance on pendant atom 3k:

FByy sy = “':Lﬂsk FNBy, ) (B.5)
J

Torque balance on pendant atom 3k:

TR0 =0 (B.6)
Force balance on pendant atom 3k + 1:
FBypiann = 2 FNByuy; (B.7)
J=3k+1

Torque balance on pendant atom 3k + 1:

T35 = 0 (B.8)
Force balance on pendant bond (3% - 1, 3k):
FB 130 = —FBy 500 (B.9)

Torque balance on pendant bond (3k ~ 1, 3k):
(TR p51) + (g = Papp) X (“FBy ) +
(-TBy13) = 0
and
T8y 1on = ~TByan-1 — (Par — T3e) X FPy 5., (B.10)
Force balance on pendant bond (3% - 1, 3k + 1):
FBy 1 aee1 = “FPapa1 g0t (B.11)
Torque balance on pendant bond (3% - 1, 3k + 1):
(-TBapr13e-0) + (Cgpry — Typ)) X (CFBypyygpy) +
TRy 1040 = 0
and

B — _7B B
TP 13641 = ~TPars136-1 = (Paprr = Fapet) X Fogppg 0y
(B.12)

Force balance on skeletal atom 3%k — 1:

B =
F 3k-1,3k+2 —

NB B B B
- Zu; . FNBy 1+ Fog i, + Foaian + Foopy aiadd
=3k

where
k, = max (1, 3k — 4)
Torque balance on skeletal atom 3k - 1:

B - B B B
TP 1ape2 = AT 010, + TPs1 e + T P51 3041}

(B.13)

where
k; = max (1, 3k — 4) (B.14)
Force balance on skeletal bond k& + 1:
FByraa1 = ~FPa i giee (B.15)

Torque balance on skeletal bond & + 1:

(~TBarop-1) + (Xapey — Papsg) X FByp 1 5000) +
TR a0e2) = 0
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or

B — _7B _ B
TPi00k-1 = ~TPaporseee = (Papoy = Papag) X Fogp 5040
(B.16)

Axial torque balance along skeletal bond & + 1 (see eq
61):

Toe-1 ~ Topra dUyp

TBas036-10 (B.17)

[T3e-1 = Popwal  de |ompn,

For (B.5)-(B.16) the index & runs from 1 to 2x — 1. For
(B.17) it runs from 1 to 2x — 2.

Segment 2x
Torque balance on atom 6x ~ 1:

T8 i6e-s =0 (B.18)

Nonbonded interatomic interaction forces are functions
of interatomic distances. For any significantly interacting
pair (i,j) we have, according to (60)

dUNB,‘j r

dr reiery ll’j i l‘il

-r

FNB, = (B.19)

Moreover, as shown in Appendix 1 to ref 1, all interatomic
distance vectors are analytically expressible in terms of the
microscopic degrees of freedom. Symbolically

rj - = f(‘//, @, Ay, ay; az) (B20)

Equations B.19 and B.20 remain valid when the minimum
image convention is imposed.

Equations B.1-B.20 are a complete set of independent
balance equations.

We use (B.19) and (B.20) to directly substitute all
nonbonded forces FNB;; and interatomic distance vectors
r; - r; appearing in (B.1)-(B.18) in terms of the microscopic
degrees of freedom (¥, ¢). Consider now the system of
(B.1)-(B.18) after this substitution. A count of the un-
knowns appearing in this system yields

components of bonded forces FBij 6(6x — 2)
components of bonded torques TB; 6(6x — 2)
microscopic degrees of freedom ¥, ¢ 2x + 1
total number of unknowns T4x - 23

A count of the number of equations gives
balances (B.1)-(B.4) 12

balances (B.5)-(B.16) 36(2x - 1)
projected torque balances (B.17) 2x - 2
balances (B.18) 3
total number of equations 74x — 23

The number of equations is thus equal to the number
of unknowns and, in principle, the microscopic degrees of
freedom, ¥, ¢ are determinable from the solution of this
system. The minimum energy requirement (eq 47) is ob-
tained by elimination of the variables F&;; and T, from
the system of (B.1)-(B.18). It involves only 2x + 1 vari-
ables and is thus much preferable to solve in practice.

Once we know the microscopic degrees of freedom ¥ and
¢ (as we do for every one of the undeformed and deformed
structures in this paper), the system of deformed balance
equations becomes overdetermined and 2x + 1 of the
equations can be used as consistency tests. As such we
chose here to use the 2x — 2 projected torque balances (eq
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B.17), together with the three torque balances on the last
atom (eq B.18).

To obtain all forces and torques in a given structure we
first compute all nonbonded forces (hence, the total non-
bonded force on each atom) via (B.19). We then solve
(B.1)-(B.16) sequentially, in the order they have been
written above, to get all bonded forces and torques. In the
course of this segment-by-segment solution of the balance
equations we test for consistency via (B.17) and (B.18).

We found that the projected torques on the left-hand
side of (B.17) and (B.18) deviate from the derivatives
U’o(¢r+1) by a relative error of less than 1075, which con-
firms the excellent performance of the minimizations.

Appendix C: Equivalence of the Force and Virial
Theorem Approaches

The force approach rests on a calculation of the “face
forces” F; exerted on the interior of the cube by its sur-
roundings through each of its faces, . We denote by f =
1 the face parallel to the edge vectors a, and a, and con-
taining the origin 0, by f = 3 the face parallel to the edge
vectors a, and a, and containing the origin 0, and by f =
5 the face parallel to the edge vectors a, and a, and con-
taining the origin (.

a,®a,

n =- S S; =la, ®a, (C.1a)
a,®a,

n; = - S, S; =|a, ® a,| (C.1b)
a, ®a

n; = - - S y, S; =|a, ®a,| (C.1¢)

From (63), applied for the faces 1, 3, and 5, we have, in
matrix notation (all vectors taken as column vectors)

= [F1 F3 F5] = UT[n181 n3S3 n5S5] = UTS
and
oT = FS§! (C.2)
Using (C.1) one can readily calculate 8§ as
1 [oT
s == layt (€.3)
a,T
Therefore, from (C.2) and (C.3)
1 F, ’
o= - lacaya;] F,T (C.4)
F,T

or, equivalently

1
aLM=-‘—/(axLFIM+ayLF3M+azLF5M) (C.5)

F, is the sum of all forces exerted on cube atoms from
images of other cube atoms that lie across face 1. Let (h;,
kj, ;) denote the continuation coefficients of an atom j of
the cube (in ref 1 the quantities A, &, [ have been sym-
bolized by A, u, and » respectively). Let j.;,(i) be that
image of atom j of the cube that lies closest to atom
(minimum image of j with respect to ;). By the minimum
image convention’? only minimum image pairs interact.
We have

. 1 . .
Fl = ZZFijmm = _[ZZFijmm + ZZFﬁmm]
H 27777 J i

i, jin cube i, jin cube i,jin cube
iand jmin) iand jymint) Jand ipin()
lie across lie across lie across
face 1 face 1 face 1
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Now, if j and i;,(j) lie across face 1, j;,({) and i will lie
across face 2, which is the face opposite to face 1. Then

1 . .
= = min _ =
F, = 2[Z_ZFij " - LR =
i J i)
i{,jin cube i, jin cube
i and jmin() i and jyin()
lie across lie across
face 1 face 2
1 min min 1 mi; min
S[ZXFme - 3R, = S[Z3Fn - LR,
2757 [ 2777 N
i, jin cube i,Jin cube i,jin cube i,jin cube
jandjimin() Jand jpqin(i) hj~hjmin@y = hj~ Biming) =
lie across lie across +1 -1
face 1 face 2

and, since the possible values of the difference h; - h;_
are -1, 0, and 1,%® we have

F, = 52;[}%‘ -

and similarly for F; and F5. Equation C.5 then assumes
the form

oL = —'2"72:35 [(h) = Rjpuin)@er + (k= Rj)ay s +
G = )@ ) Fyp™ = = “‘?E (7 = Tyin@) LF 3 ™"
1 .
- ﬁ? 2 (rjz = ri)Fija™ =
""ZZ(" = 7 DuinFip™ (C.7)

2V =
The first term in (C.7) can further be written

Z Z ( l,L)FlJ Mmm =

2V1 J#L
+ min -
2V; er il ZV? ,E”’LF”M
\—/Z»: Ef‘ Py = —Z rL,LZ Fyu™ =0 (C.8)

because the condition of detalled mechamcal equilibrium
around atom i dictates that 3__; F; ™" = 0.

We are thus left, from (C.7$ and (C.8), with the ex-
pression

1 .
oM = —_“Z Z iz = 7L minFi ™"
2V [

which is exactly the virial theorem expression (eq 65).

Appendix D: Sensitivity Analysis

To test the sensitivity of the model estimates with re-
spect to the potential energy parameters employed we
subjected one of the undeformed structures to a new re-
laxation and to tension and shear deformations using a
slightly different set of van der Waals radii. All compu-
tations presented in the main body of this paper have been
performed by using the potential parameters employed by
Suter and Flory® in their development of a rotational
isomeric state scheme for PP.! These van der Waals radii
are the “base case” radii listed in Table II. For the sen-
sitivity analysis runs, values were changed to the ones
suggested by Bondi (p 2 of ref 15) and by Tadokoro (p 326
of ref 27), listed as “perturbed case” in Table II. The two
sets differ by 0.1 A for H and C only, reflecting the small
degree of uncertainty that exists regarding the potential
parameters.

The particular structure examined in the sensitivity runs
was somewhat anomalous, since it displayed a negative
ratio ap/«r and considerably higher than average elastic
coefficients. The influence of changing van der Waals radii
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on the theoretical estimates of various properties is dis-
played in Table ITI. One sees that the solubility parameter
and the elastic constants change relatively little but that
the ratio ap/kp (hence, our estimate of the thermal ex-

pansion coefficient) exhibits a very strong dependence on
the atomic radii, jumping from its original negative value
to a positive one (which actually is close to the experi-
mental ratio ap/«y for glassy atactic polypropylene under
the appropriate conditions).

Thus, small uncertainties in the potential parameters
can well be tolerated in predicting the solubility and the
elastic constants with our approach but appear to render
our estimate of the thermal expansion coefficient unreli-
able.

Registry No. Polypropylene (homopolymer), 9003-07-0.
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ABSTRACT: The stochastic model for failure of perfectly ordered and oriented polymer filaments, previously
introduced, is used for a theoretical study of the influence of strain rate and temperature on the maximum
tensile strength of polyethylene of two (monodisperse) molecular weights (2.2 X 104, 3.3 X 10%). The model
predicts polyethylene to display a strong strain rate and temperature dependence of the maximum strength;
higher strength is predicted at low temperatures and at high strain rates. At strain rates exceeding 10* min™
the theoretical ultimate strength (~24 GPa) is recovered for both molecular weights studied. At high strain
rates and at low temperatures, polyethylene of both high and low molecular weight fails in a brittle mode
and fracture is accompanied by a substantial amount of C-C bond cleavage. Failure at low strain rates and/or
high temperatures is found to be creep-like and is dominated by secondary bond breakage. The effects of
the strain rate and, to a lesser extent, of the temperature are more pronounced for low than for high molecular
weight polyethylene. Good qualitative agreement is found between the present theoretical work and related

experimental data.

1. Introduction

In a previous theoretical study,! we developed a sto-
chastic model based on the kinetic theory of fracture,?
to describe failure of perfectly oriented and ordered
polymer filaments. The model was applied to poly-
ethylene, and it was used to investigate the effect of the
molecular weight on the maximum tensile strength at
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constlant (room) temperature and at a fixed strain rate (1
min™?).

It is well-known that the test temperature and strain
rate, among other testing conditions, have a major effect
on the measured fiber properties.*®* Employing the pre-
viously introduced model,! we explore here the influence
of both the strain rate and the temperature on the tenacity
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